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^r^ I AHHOTail,HiI 

KoHi];eni];HK) npHMenenHH napajiJiejiennneflOB mojkho naHTi-i b Ta- 

KHx pasflejiax MaTCMaTHKH KaK KOM6HHaTopHbiH anajiHS, nojiHjiHHeii- 

HaH ajire6pa h ajire6paHHecKaH TonojiornH. ^eitcTBHTejibHO, nocjie- 

\^ • flOBaTejiBHOCTH pe6ep n-Mepnoro napajijiejienHne^a, naTHHyToro na 

r~| . 6a3HC n-MepHoro npocTpancTBa, h30mop4)hbi noflCTanoBKaM. B cboio 

jrt ! onepeflB, BtinncjieHHe opneHTHpoBaHHoro o6'BeMa napajijiejiennnefla 

KaK nojiHjiHHeiiHOH (JjyHKi^HH, npHHHMaiomeH nyjieBoe SHaneHHe na 

JIHHeHHO SaBHCHMBIX BCKTOpaX, npHBOflHT K nOHHTHK) SHaKonepeMCH- 

Horo nojiHjiHHeHHoro nponsBeflenHH. HaKOHeu;, napajiJiejiennneflBi jier- 

^ ' KO MoryT CKjia^BiBaTBCH B KjieTOHHBie npocTpancTBa h o6pa30BBiBaTB 

i];enHbie KOMnjieKCbi c rpynnoii roMOjiorHH b KanecTBe TonojiorHnecKO- 
ro HHBapnaHTa sthx npocTpancTB. Hmch b BH^y BBiinenepeHHCJieH- 
t:j- I Hbie npoHHKHOBeHHH reoMCTpHH B ajire6py h Tonojiornio, mbi 6yp,eM 

^^ ' sflecB nocjieflOBaTejiBHO pasBHBaTB ajire6po-TonojiorHHecKHH cJjopMa- 

(--^ . JIH3M, HMeiomHH OTHomeHHe K napajijiejiennneflaM, a saTCM naiifleM 

"^ I CMy npHMeneHHe b peineHHH npo6jieMBi KjiaccHcJjHKai^HH saMKHyTBix 

-y ■ opneHTHpyeMbix MHoroo6pa3HH npoHSBOjiBHOH pasMepnocTH. 

^>'- 1 IIo^CTaHOBKH 

H i npejK;i;e Bcero oSpaTHMca k ocHOBaHHaM KOiviSHHaTopHoro anajiHsa, t. e. 

K noHaTHK) OToSpajKeHHa MHOJKecTB, rfle ycToajincb KJiaccHHecKHe onpefle- 
jieHHa, H nosTOMy naivi 5y;i;eT flocTaTOHHO cocjiaTbca na yHHBepcHTeTCKHH 
yneSHHK, HanpHMep, |Tj. O^naKO, flaace KjiaccHnecKHe npe^CTaBjienHa hho- 
r^a flonycKaiOT onpeflejienHyio MOflepHH3an,Hio. /^eiicTBHTejibHO, nycTb j^aHa 
Taxaa TpoiiKa MHOJKecTB {A, B, F), hto F = {(a, 6)} 7^ 0, r;i,e a E A, b E B. 
Torfla Mbi onpeflejiHM neKJiaccHHecKoe nonaTne OToSpajKenHa F c KJiaccH- 
necKHM o5o3HaHeHHeM f : A ^ B, niviea b BH;i;y, mto KajK^aa napa h3 F 
MOJKeT 6biTb npe^CTaBjiena CTpejiKOH cooTBeTCTBHa a —^ b, r^e b = f{a) ^Jia 
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oflH03HaHHoro cooTBeTCTBHa H 6 G /(a) fljia MHoroanaHHoro cooTBeTCTBHa. 
BMecTe c tgm, TpnnjieT {B, A, F~^), rjifi HivieeT mgcto oSpamenne Bcex CTpe- 
jiOK, 3a;],aeT oSpaTHoe OTo5pa>KeHHe. Ecjih Va 3 6 (/(a) = b), to mbi tobo- 
pHM o5 o^HOSHa^HOM OTo5pa>KeHHH Bcero A h tgm caMbiM B03BpamaeMca k 
KjiaccHHecKOMy npe^CTaBjienHio o5 OTo5pa>KeHHH. CyjKenHeM OTo5pa>KeHHa 
F aa A' C A Mbi HaaoBeM TaKoe OToSpajKeHne f = JIa' '■ A' ^ B, KOTopoe 
cooTBeTCTByeT TpnnjieTy {A',B,F'), r^e BKJiiOHeHHe F' C F nopojK;i;aeT- 
ca BKjiio^eHHeM A' C A; T.e., HCKjiio^eHHeM h3 F CTpejiOK, Bbixo^amnx h3 
noflMHO>KecTBa A\A' . 

PacniHpeHHe nonaTHa OToSpaacenHa BjieaeT aa coSoii pacmapeHHe TaKHx 

nOHaTHH KaK HHljeKTHBHOe H CIOpTjeKTHBHOe 0T05pa>KeHHe. HHTjeKTHBHbIM 

OTo5pa>KeHHeM mojkho Smjio 6bi nasBaTb TaKoe F, KOTopoe cbohm nepBbiM 
apryMGHTOM HcaepnbiBaeT A, h b KOTopoM hgt cxoflainHxca CTpejiOK, t. e. ot- 
cyTCTByiOT napbi (x, b), {y, b), anaae roBopa, Vx j^ y E A ^ f{x)^f{y) = ^■ 
B cbok) oaepe^b, dop^beKTHEHbiM OToSpaaceHaeM Moacno Smjio 5bi nasBaTb 
TaKoe F, KOTopoe cbohm BTopbiM apryMGHTOM HcaepnbiBaeT B, m b KOTopoM 
HeT pacxo;i;aiii;Hxca CTpejiOK, t. e. OTcyTCTByiOT napbi {a,x), {a,y), HHane ro- 
Bopa, V6 3a (/(a) = b). KBasHHHTjeKTHBHbiM OTo5pa>KeHHeM mojkho na- 
3BaTb TaKoe F, KOTopoe acaepnbiBaeT A, m b KOTopoM hgt pacxo^amaxca 
CTpejiOK, HHaae roBopa, Va 3 6 (/(«) = b). KBaaaciop'beKTHBHbiM OToSpa- 
acGHHeM MoacHO HasBaTb TaKoe F, KOTopoe acaepnbiBaeT 5, h b KOTopoM hgt 
cxoflainHxca CTpejiOK, HHane roBopa, V 6 3! a (/(a) = b). HaKonen;, CTporo 

HHTjeKTHBHbIM OToSpaaCGHHeM MOaCHO HaSBaTb OToSpaaceHHe, HHljeKTHBHOe 

B KjiaccaaecKOM CMbicjie, t. e. TaKoe, hto y x ^ y G A ^ f{x) ^ fiv)- 
AnajiorHaHO, CTporo dopTjeKTHBabiM OToSpaaceHaeM Moacno nasBaTb oto5- 
paacenae, dop^beKTHBHoe b KjiaccaaecKOM CMbicjie. BiviecTe c tgm, b nonaTae 
SaeKTHBHoro OToSpaaceHaa mm, no-npeacaeMy, BKJiaflbiBaeM KJiaccaaecKaa 

CMblCJI. 

JloraaecKae CBaaa Meac^y bcgmb sthmb TanaMa OToSpaaceaaa OTpaaceabi 
B aaacecjie^yiomax oaeBa^abix yTBepaf^eaaax. 

1.1 npefljio:aceHHe. BueKmuenoe omo6paotceHue odnoepeMeHHO umeKmue- 
Ho u cwp'seKmueHO 

1.2 IIpefljioaceHHe. CyotceHue 6ueK%uu cmposo UHseKuiueHO 

1.3 npefljio:aceHHe. Omo6paMceHue, o6pamHoe UH-deKmuenoMy (Keaauum- 
eKmuoHOMy), HejinemcH c}op^eKii,ueu (Kea3uc}op^eKii,ueu) 

Tenepb, b paMKax BbimenpaHaToro 4)opMajiH3Ma, naM 5y;i;eT jierKO onpe- 
flejiHTb ocHOBHbie KOMSaHaTopHbie nonaTHa. ^encTBHTejibHO, ecjia npoaa- 
BOJibayio SaeKitHK) h3 TpanjieTa {A, A, F) aasbiBaTb no^CTaaoBKoa, a npo- 
CTeamyio no^CTaaoBKy — TpaHcnoaaitaea, to pasMemeaae 5e3 noBTopeaaa 



MOJKHO onpeflejiHTb kbk CTporyio HHijeKi^Hio, a paaMemenne c noBTopeHH- 
5IMH — KaK KBa3HHHT5eKii;Hio. HpHMeM TaKJKG y;i;o6Hyio HaM CHCTeiviy 060- 
SHaneHHii. Ecjih aa^anbi MHO>KecTBa / = {1, . . . , n}, J = {1, . . . , m}, T^,e 
m < n, Tor^a OToSpaaceHHe /J/ := /ii, . . . ,ij, . . . , imj : J ^ J nycTb 060- 
SHanaeT npoHSBOJibHyio no^CTanoBKy m sjieivieHTOB MHOJKecTBa J, a sgn / J / 
— 3HaK HGTHOCTH 3T0H noflCTaHOBKH; OToSpajKeHHe [J] := [zi, . . . , ij, . . . , im] : 
J -^ I nycTb o5o3HaHaeT nponsBOJibHoe paaivieineHHe vi3 n uo m c no- 
BTopenneM. OToSpajKenHe (J) := (zi, . . . , Zj, . . . , im) : J ^ I oSosHana- 
GT npoHSBOJibHoe pa3Meiu,eHHe h3 n no m 6e3 noBTopenHn; OTo5pa>KeHHe 
(J) := (zi, . . . , Zj, . . . , im) : J ^ I nycTb o6o3HanaeT npoH3BOJibHoe ynopa- 
flOHGHHoe pa3Meiii;eHHe, t. e. TaKoe (J) b KOTopoM ij < ij+i- HaKonen;, ecjin 
MHOJKecTBO {J} := {zi, . . . , Zj, . . . , Zm} o5o3HaHaeT y nac npoH3BOflHoe ot (J) 
noflMHOJKecTBO /, cocToamee h3 m sjieivieHTOB o6pa3a pa3Meiii;eHH5i (J), Tor^a 
OTo5pa>KeHHe /{J)/ := /(ii, ... ,2^-, ... ,■?„)/ : {J} — ^ {J} nycTb o5o3HaHa- 

GT npOH3BOJIbHyiO nO;],CTaHOBKy SJieMGHTOB MHO>KeCTBa {</}, COOTBeTCTBGHHO 
sgn /(J)/ — 3HaK HGTHOCTH 3T0H nO;i;CTaHOBKH. 

riycTb OToSpajKenne /{J)ij/ : (ii, . . . , ij, . . . , i^) -^ (^1, • • • , ^j, • • • , im)ij 
o6o3HaHaeT npoH3BOflHyio ot ( J) n npoH3BOJibHoro sjieivieHTa {J} no^CTanoB- 
Ky H3'baTna BToro BJieivienTa, b pe3yjibTaTe KOTopoii sjieivienT ij nepexo^HT 
B Konen, a ocTajibnnie sjieivienTbi, nocjie nepenoca ij, ocTaiOTca ynopfl^onen- 
nbiMH no B03pacTannio. Hapa^y c H3'baTneM sjieivienTa h3 ynopa^onennoro 
MHOJKecTBa MOJKHO paccMaTpHBaTb npncoeflnneHHe BJieivieHTa c nocjieflyio- 
in;HM ynopa^^OHHBanneM. Tor;i;a mm nojiynnivi noflCTanoBKy /(J) A;/, r^e k G 
{J'} = / \ {J}, KOTopyio cjie^yeT nonniviaTb KaK no^CTanoBKy ynopa^onn- 
nanna MnoacecTna {(J),/:;}. Bee STn no;],eTanoBKH o5jia;],aiOT enoneTBOM an- 
THKOMMyTaTnnnoeTn nx neTnoeTen, TaK hto sgn /{J)ijik/ = — sgn / (J)ikij / ^ 
a sgn /{J)Yk/ = - sgn /{J)kj/. 

PaeeMOTpHM, naKonen;, no;i;eTaHOBKH naeTHHEoro napymeHna ynopa^o- 
nennoeTn Mno>KeeTBa /. HpnnnMaeM, nTO o5pa3 no^eianoBKn /J, J' / : / — > 
{(J), {J')}, r^e {J'} = I \ {J}, o6pa30Ban MnojKeeTBaMH {J} n {J'}, yno- 
pa^onennbiMH no OT^ejibnoein, a no^eianoBKa /{J, J')/ : {{J), {J')} — > 
{(J'), (J)} noflpa3yMeBaeT nepeeTanoBKy ynopa;i;oHeHHbix MHOJKeeTB. Tor^a, 
noeKOJibKy /J', J/ = /J, J'/ * /(J, J')/ a sgn /(J, J')/ = (_l)'»("-™)^ tq mm 
nojiy^HM paneneTBO sgn/ J, J' / ■ sgn/ J', J/ = (_i)™-("""^)_ 



2 3HaKonepeMeHHbie npoH3Be/i;eHHa 

AjireSpa 3HaKonepeMeHHbix nojinjinnennbix npoH3BefleHHH xoponio H3yHeHa, 
H nosTOMy MO>Kno eoejiaTbea, nanpniviep, na eooTneTeTByiomyio rjiaBy b [2] 
HjiH [8]. Sfleeb >Ke mm, Henojib3yfl nonaine neinoeTn naeinnno ynopaflo- 



HeHHbix noflCTanoBOK h noflCTanoBOK naijaTHa (npncoeflHHeHHa), KOcneMca 
jiHinb OT;i;ejibHbix BonpocoB. 

ripejKfle Bcero oSpaTHMca k nojiHjiHHeHHbiM npoHaBe^eHHHM b n,ejiOM. 
HycTb L 03Ha^aeT n-Mepnoe jiHHenHoe npocTpancTBO na^ R a (e*)/ — ero 
5a3HC. HycTb TaKJKe T'"(L) osHanaeT n^-Mepnoe npocTpancTBO na^ M a 
(^ ){[J]} — 6ro 5a3HC. Tor;i;a mm moxcgm aBHO npe;i;cTaBHTb TenaopHoe no- 
jiHJiHHeiiHoe npoH3BefleHHe, ecjiH aannrnHM 

a;^ ® ■ • ■ ® x'" : L™ ^ T'"(L) : {x\ . . . ,x™) -^ ^ JJ x,^e^-^\ 

{[j]}i,e[J] 

Tf\e Xij osHanaeT j-io Koop^HnaTy BCKTopa x\ IlocKOJibKy e'*^ ■ ■ ■ ® e*""' = 
et"^!, TO jiHHeHHaa oSojiOHKa MHoacecTBa {el*^ ® ■■■ ® e*""] }{[,/]} H30Mop4)Ha 
TenaopHOMy JinneHHOMy npocTpancTBy T'"(L). 

C4)opMHpyeM Tenepb flba SHaKonepeMenHbix nojiHJiHHeiiHbix npoH3Be;i;e- 
HHH, a HMGHHO, BHeniHee npoH3BefleHHe 







x^ A---Ax™:L"^ A"(L) : 




■x\.. 


..,xn- 
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Lie hyUj'ijjj o * 

rfle A'^(L) sto npocTpancTBO nojiHBeKTopoB, H30Mop(J)Hoe jiHHeHHoii o5o- 
jiOHKe MHOJKecTBa {e*-*i A ■ ■ ■ A e*'"-'}{(j)}; h BeKTopnoe npoH3BefleHHe 

x^ X ■ ■ ■ X x™ : L™ ^ A"-™(L) : 



fa;\...,x^ 



rfle {J'} = I \ {J}. BceM sthm npoH3Be^eHHaM rapaHTHpoBana 3HaKonepe- 

MGHHOCTb, nOCKOJIBKy npH TpaHCn03Hn,HH npOH3BOJIbHOH napbl BCKTOpOB H3 

HaSopa (x^ , . . . , x™) 3HaKH ^eTHOCTeii Bcex no^CTanoBOK /{J)/ MenaiOTca na 
npoTHBonojiojKHbie. KpoMe Toro, ji^jisi hhx cnpaBe;i;jiHBO 

2.1 npe^jio:»<;eHHe. CucmeMa eeKmopoe (a;^,...,x™) JiuneuHO aaeucuMa 
mosda u moAbKO mosda, Kosda x^ A ■ ■ ■ A x™ = x^ x ■ ■ ■ x x™ = 

/^eiiCTBHTejIbHO, C O^HOH CTOpOJIHbl, eCJIH CHCTGMa (x^, . . . ,X™) JIHHeHHO 

3aBHCHMa, TO det(xjj)j =0 V(J)g{(J)},c ^pyroii CTopoHbi, ecjiH chctg- 
Ma (x^, . . . ,x"*) JIHHeHHO He3aBHCHMa, TO c HOMon],bio sjieMGHTapHbix Hpeo5- 
pa30BaHHH CHCTeMbi H nepecTaHOBOK sjieivieHTOB 5a3Hca (e^, . . . , e"^) MaTpHn;a 
{xijYj npHBOflHTca K Tpanen;eHflajibHOMy BH^y c m HenyjieBbiMH CTpoKaiviH h 



HenyjieBOH flnaroHajibio {xii)j, b CHJiy nero det {xij)j ^ 0. 3;i;ecb mbi boc- 
nojibsoBajiHCb tgm oScToaTejibCTBOM, hto sjieivieHTapHbie npeoSpaaoBanHa 
coxpaHflioT HeaaBHCHMOCTb CHCTeMbi BeKTopoB H oflHOBpeMeHHO coxpanaioT 
paBGHCTBO (nepaBeHCTBo) nyjiio onpe^ejiHTejia, a no^CTanoBKH 5a3Hca ne 3a- 
HyjiaiOT HH BHemnero hh BeKTopnoro npoHSBe^eHHa. TeM caMbiM, BHemnee 
H BeKTopHoe npoH3BefleHHe jiHHeiiHO HeaaBHCHMoii CHCTeivibi BCKTopoB hmg- 
lOT no KpaiiHeH Mepe no o;i;hoh nenyjieBoii KOopflnnaTe, a cjie;i;oBaTejibHO 
yTBepjK^eHHe ^OKaaano. 

HpocTpancTBO nojinseKTopoB A'"(L) HHTepecno eme n tgm, ^to ^jih nero 
cymecTByiOT ecTecTBennbie noHH>Kaion],HH n noBbiniaion],HH rpannHKbie roMO- 
Mop(J)H3Mbi, a HMenno, 

6 : A'"(L) -^ A'"-i(L) : e^-^^ -^ ^ sgn /(J)j/ ■ e^'^\ 

rfle (J) oananaeT ynopaflOHennyio no;i;cTaHOBKy nsTjaTna /{J)j/ , n 

d: A"(L) ^ A'"+i(L) :e(^)^ ^ sgn/(J)j/ ■ e^^), 

jei\{J} 

r^e (J) oana^aeT ynopa^o^eHHyio no^CTanoBKy npHCoe^HnenHa /(J)j/. 
/lencTBHTejibHO, nocKOJiBKy b nojinBCKTope 66{x) Saancnbie sjieivieHTbi o5- 
paayiOTca c noMoni;bio naijaTHH flBaxcflbi, to b cnjiy CBOiicTBa anTHKOMiviy- 

TaTHBHOCTH HeTHOCTeH nOflCTaHOBOK C HSTjaTHeM Mbl nOJiyHHM TOJK;i;eCTBO 

56{x) = fljia BcaKoro nojiHBeKTopa x. Anajiorn^HO nojiynaeTca TOiK^ecTBO 
dd{x) = 0. 

OSpaTHMca Tenepb k npocTpancTBy L, b KOTopoM aa^an (J)yHKn,HOHaji 
CKajiapnoro npoHSBeflenna. HycTb E Sy^eT nponsBOJibnbiM n-MepnbiM gb- 
KJiHflOBbiM npocTpancTBOM na^i; R. Ecjih npnnaTb, hto 

a;^ A ■ ■ ■ A a;" ■ y^ A ■ ■ • A y™ = det(x^ ■ y^)j, 

TO 3T0 oananaeT, hto mm HHflyn;HpyeM h3 E b A™(E) CKajiapnoe npoH3Be;i;e- 
nne nojinBCKTopoB. Ecjih BsaTb KBa^paT nojinBCKTopa x^ A ■ ■ -Ax™, t. e. ero 
CKajiapnoe npoH3Be;i;eHHe na ce5a, Tor;i;a mm nojiy^HM onpe;i;ejiHTejib FpaMa 

CHCTeMbi BCKTOpOB (x^, . . . , X™), paBCHCTBO HyjIK) KOTOpOTO SKBHBajICHTHO 

jiHHeHHOH aaBHCHMOCTH 3T0H CHCTCMbi. JlHHeapH3an,Hfl OHpe^ejiHTejifl Fpa- 
Ma, T. e. Kopenb KBaflpaTHbiii h3 ero aScojiiOTnoro 3HaHeHHa, npe;i;cTaBJiaeT 
co6oH HOJinjinneHHyio (no ne 3HaKonepeMeHHyio) 4)yHKn;Hio, KOTopyio oSmh- 
HO OTOJK^ecTBJiaiOT c oSt-cmom napajiJiejienHne;i;a, naTanyToro na cncTCMy 
(x^, . . . ,x"^). HanoMHHM, hto CKajiapnoe npoH3BefleHHe ycTanaBjiHBaeT h30- 
Mop(J)H3M MCJK^y E H flyajibHbiM K HCMy npocTpancTBOM E* c 5a3HCOM (e*)/, 



flBOHCTBeHHbIM K OpTOHOpMHpOBaHHOMy 5a3HCy (c*)/, T. G. 

* -.E ^E* : X ^ X* : {x*, y) = x ■ y (W x,y eE) : 

KOTOpblH HHflyn,HpyeT H30M0P(J)H3M T™'(E) ~ T™'(E*). B ^aCTHOCTH, H30- 

Mop(J)H3M A'^(E) ~ A™'(E*) ycTanaBjiHEaeTca cooTBeTCTBHeM Meac^y m- 
BCKTopaMH H m-4)opMaMH no 4)opMyjie 

* : ^ xje'^ -^ ^ x*je'' : ^ a;(j)e(*^ A ■ ■ ■ A e*™) ^ ^ a;(j)e("i A ■ ■ ■ A e""'\ 

{(J)} {(J)} 

HanoMHHM TaKJKe, hto eBKJiH;i;oBa CTpyKTypa jinneHHoro npocTpancTBa 3a- 
^aeT onepaTop flyajiH3an,HH Xo^JKa 

• : A'"(E) -^ A"-'"(E) : 

J2 xje^ ^ (* 5^ a;je^, e) : ^ ajje"^ ^ sgn /J, J'/ ^ a;}e-^', 

r^e ^HCKpHMHHaHT e := e^ A ■ ■ ■ Ae" npn CBopannBanHH c m-(J)opMOH e^ npn- 

oSpeTaeT 3HaK no;],CTaHOBKH e^ /\e^' := 6*^*^ A- ■ ■Ae*™)Ae*^*'"+^ A- ■ -Ae*"). Bnpo- 

HGM, B eBKJIHflOBOM npOCTpaHCTBG C nOJIOJKHTejIbHOH CHrHaTypoH, rfle x} = 

xj, Mbi nojiyHHM • : A'^(E) -^ A"-'"(E) : E^^je-^ ^ sgn/J, J'/^xjC'^'. 
TeM caMbiM, name onpe^ejienHe BeKTopnoro npoH3BefleHHa nepe3 neTHOCTb 
HacTH^HO ynopa^oneHHbix no^CTanoBOK corjiacoBano c onpe^ejieHHeivi one- 
paTopa flyajiH3an,HH b gbrjih^obom npocTpancTBe c nojioJKHTejibHOH CHrna- 

TypOH Hepe3 CBOpa^HBaHHe C flHCKpHMHHaHTOM. 

06paTHMC5i Tenepb k rjia;i;KHM ;i;H4)4)epeHii;HajibHbiM 4)opMaM. HycTb ;i;a- 
HO nojie rjia^KHx flH(J)(J)epeHn,HajibHbix m-4)opM a{x) = 'Y^a.]{x)dx^ , r^e 
J := (J), dx"^ := dx^^'^ A ■■■ A dx*™^ h aj{x) — npoH3BOJibHbie rjia^- 
KHe OTo5pa>KeHHa h3 L b M. HanoMHHM, hto BHeniHHM npoH3BefleHHeM 
flH(J)(J)epeHii;HajibHOH m-4)opMbi a{x) = 'Y^aj{x)dx'^ h ;i;H4)4)epeHii;Hajib- 
Hoii l-(J)opMbi h{x) = X^n ^«('^)^'''* Ha3biBaiOT (m+l)-4)opMy a{x) A b{x) = 
"^ bi{x) a J (x) sgn J dx'^ , r^e J ecTb ynopafloneHHaa no;i;cTaHOBKa npncoeflH- 
HGHHa /{J)i/ , T.e. BHemnee npoH3Be;i;eHHe nojiynaeTca b pe3yjiTaTe BneniHero 
npoH3BefleHHfl sthx (J)opM H noflCTanoBOK npHCoe^HHenHa, npeo5pa3yioiu,Hx 
5a3HCHbie sjieMGHTbi dx"^ A dx^ k ynopfl^oneHHOMy BH^y dx"^ . 

BiviecTe c tgm, noMHMO BneniHero npoH3Be;i;enH5i, cyni;ecTByeT BnyTpen- 
nee npoH3BeflenHe ;i;n4)4)epenn;najibnoH m-4)opMbi a{x) = 'Y^aj{x)dx'^ na 
BeKTopnoe nojie b{x) = ^„&i^, no^i; KOTopbiM nonniviaiOT cnepTKy nojia 
c|)opMbi c nojieM neKTopa. O^naKO, necMOTpa na npocTOTy TaKoro onpe- 
^ejienna nnyipennero npon3Beflennfl, oSpainM name nnnivianne na to, hto 
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fljia CBopaHHBaHHa HeoSxoflHMO, BbinojiHHB no;i;cTaHOBKH naijaTHa, npHBe- 
CTH (i)opMy a{x) = '^aj{x)dx'^ k BH^y "^ aj{x) sgn Jdx"^ A dx\ a saTeivi, 
saMGHHE B 3T0M npe^CTaBjieHHH BHemnee npoHSBe^eHHe na dx^ na npoH3- 
Be^eHHe na ^hcjio bi{x), nojiy^HTb yace hckomog BHyTpeHnee npoHSBe^eHHe 
{a{x),b{x)) = J2 bi{x)aj{x) sgn Jdx"^ . 

BHeniHaa nponsBOflHaa rjiaflKofi flH(J)(J)epeHii;HajibHOH 4)opMbi (flH(J)(J)e- 
peHii;Haji) 3a;i;aeTca (J)opMyjiOH da{x) = '^dja{x)dx'^ = "^daji^x) Adx"^, r^e 
daj{x) = X]n~a^^^- Tor^a, b CHjiy CBoiicTBa aHTHKOMMyiaTHBHOCTH no^- 
CTanoBOK ynopflflOHHBaHHfl c npncoe^HHeHHeM, KOTopbie B03HHKaiOT npn no- 
BTopnoM flH4)4)epeHn,HpoBaHHH, mm nojiy^HM TOJK^ecTBO dda{x) = 0, xapaK- 
TepHayiomee BneniHioio npoH3Bo;i;Hyio KaK noBbimaiomHH rpaHHHHbin roMO- 

M0p(J)H3M. 

ycTanoBHM Tenepb eme oflHO BajKHoe cbohctbo BHemeneH npoH3Bo;i;- 
HOH. HycTb ^an TaKOH npoH3BOJibHbiH npe^ejibHO MajibiH bcktop Ax = 
X]„ Ax* = Xln^^*^*' ^'^o ^-^ aero mo>kho c4)opMHpoBaTb nenyjieBOH (m+1)- 
BeKTop A = ^Ax"^, r^e Ax"' := Ax*^*^ A ■■■ A Ax'^+i^ h cooTBeTCTByio- 
in;HH eiviy m-BeKTop 6 A = ^Ax*^, r^e Ax"' = Ax^*^ A ■■■ A Ax*™^ To- 
rfla {da{x),A) = ^((ija(x)(ix"', Ax"'), r;i;e {dja{x)dx'^ , Ax'^) = dja^x) ■ 
Axjj ■ ■ ■ Axj^^^. C flpyroii CTopoHbi, pa3JiojKHB b stom BbipajKennH komho- 
HGHTy flH(J)(J)epeHn,Hajia h KOMnoneHTy nojiHseKTopa, mm Sy^eM HMCTb Bbipa- 
jKGHHe {dja{x)dx'^ , Ax"^) = (X]„ g^ A dx'^ , ^^ Ax* A Ax'^), h gcjih 3aTeM 

CBepneM l-4)opMy h bcktop, to nojiy^HM paBencTBO {dja{x)dx'^ , Ax"^) = 

i^m+A^ji^ + ^^0 ~ '^ji^))]d'^'^ iJ2m+l^^'^)- TaKHM o5pa30M, Jl,0Ka.3SLH0 

yTBepjK^eHHe 

2.2 IIpefljioaceHHe. {da{x), A) = ([a(x + Ax) — a(x)], 5 A) 

^aHHoe npefljiojKeHHe mm npHMeHHM b cjieflyiomeM pa3flejie npn BbiBo;i;e 
(J)opMyjibi CTOKca, r^e npe^ejibno Majibie BCKTopa cjiy>KaT octobom ^jia npe- 
^ejibHO Majioro napajiJiejienHne^a a HHTerpHpoBanHe no noBepxnocTH otojk- 

^eCTBJIfleTCfl C CyMMHpOBaHHGM CBepTOK flH(J)epeHn,HajIbHOH (J)OpMbI H nOJIH- 

BGKTopoB, cooTBGTCTByioinHx 3THM napajiJiejienHne;i;aM. CeiiHac jkg, 3aMe- 
THM TOJibKO, HTO BejiHHHHa {da{x) , A) xapaKTepH3yeT jiHHeiiHyio nacTb npn- 
pameHHa cbgptkh flH4)4)epeHn,HajibHOH 4)opMbi b tohkg x h nojiHBGKTopa, 
cooTBGTCTByiomero rpansM napajiJiejiennne^OB, nocTpoennbix na npe^ejib- 
HO MajiMx BGKTopax, npH c^BHre Ka>KflOH rpaHH na npoTHBonojio>KHyio h 
cooTBeTCTByioineM H3MeHeHHH 3HaHeHHa ;i;H4)4)epeHii;HajibHOH (J)opMbi. 



3 napajijiejienHne/i,bi 

Ha^HGM Mbi c KjiaccHHecKoro onpe^ejienHa napajiJiejienHne^OB, KOTopoe 
3flecb noBTopHM, cocjiaBniHCb na ynHBepcHTeTCKHH y^eGnHK [3]. 

3.1 Onpe^ejieHHe. riapajiJiejienHne^OM vr"^, HaTanyTbiM na CHCTeMy jih- 

1 m n 

HGHHO HeaaBHCHMblX BeKTOpOB X , . . . ,X , BblXOflflmHX H3 TOHKH X 11- 

Mepnoro a(J)(J)HHHoro npocTpancTBa M", nasbiBaeTca MHO>KecTBO tohck x^ + 
^^ajX*, sa^aBaeMoe ycjiOBneivi 0<q;j<1 \/i E J. 

SaTGM, B flonojineHHe k BTOMy reoMeTpH^ecKOMy nonaTHio, mm ^a^HM 
ajireSpaHHecKoe nonaTHe opneHTHpoBaHHoro napajijiejiennnefla. 

3.2 Onpe^ejieHHe. OpneHTHpoBanHbiM napajiJiejienHne^OM nasbiBaeTca 
napajiJiejienHne^, b KOTopoM onpe^ejiennbiM oSpaaoM aa^ano nanpaBjienHe 
Bcex ii;enoHeK pe6ep x^^'^, . . . , x*™/. HanpaBJieHne ii;enoHKH ot x^ k x^ + J2m ^* 
CHHTaeTca nojiojKHTejibHbiM, a o6paTHoe — OTpHii;aTejibHbiM. Ecjih b napaji- 
jiejienHne^e bcgm ^eTHbiM n,enoHKaM (n,enoHKaM c neTHbiMH nocjie^OBaTejib- 
HOCTHMH pe5ep) 3a;],aTb nojio>KHTejibHoe nanpaBjieHHe, a HeneTHbiM — ot- 
pHn,aTejibHoe, to TaKofi napajiJiejiennne^ nasbiBaeTCH nojio>KHTejibHO opHen- 
THpoBaHHbiM H o6o3HaHaeTca +7r™, t. e. sgnvr™ = +1. B o5paTHOM cjiynae 
napajiJiejienHne^i; HasbiBaeTca OTpHii;aTejibHO opneHTHpoBaHHbiM h oSoaHana- 



Ha ocHOBaHHH reoMeTpHHecKoro onpe^ejieHHa mm nojiaraeM, hto rpana- 
MH napajijiejiennne^a vr'" cjiyjKaT 2m napajiJiejienHne;i;oB vr™"^, a hmghho, 
m napajiJiejiennne^OB tt™^ , naTanyTbix na no^CHCTeMbi m — 1 BCKTopoB, 

nojiy^eHHMx HCKjiio^eHHeM BeKTopa x^ , r^e j G J, h3 CHCTeMbi x^, . . . , x™, h 

„ n TYi — 1 

Bbixo^amHx H3 Ha^ajibHOH TOHKH X , a TaK>Ke m napajiJiejienHne^OB n,^ , 

BMXo;i;aiii;HX h3 m tohgr x° + x* h naTanyTbix cooTBeTCTBenHO na noflcn- 

CTeMM Sea x-' KajK;i;biH. TaKHM oSpaaoM, y napajiJiejienHne;i;a 2"^ BepniHH, 

2m rpanefi, h m,2"^~^ peSep. SaMCTHM TaKace, hto Bce rpanH rpanen napaji- 

jiejienHne^a tt'" coe^HnaiOT cooTBeTCTByiomHe napM coceflHHx rpaneii, t. e. 

^"1— 1 ,-s „m— 1 „m— 2 „rra— 1 ,~, „m— 1 „m— 2 „m— 1 ,~, „m,— 1 „m—2 „ 

^i* ^ ^fc* = ^jk* ' ^*i ^ ^*k = ^*jk ' ^i* n ^*fc = ^i*fc ' r;;e 

3.3 Onpe^ejieHHe. OpneHTHpoBaHHOH noBepxHOCTbio napajiJiejienHne^a 
HasMBaeTca coBOKynnocTb onpeflejiennbiM oSpaaoM opneHTHpoBanHMx ero 
rpaHeii. OpneHTaitna rpanen '^Tj~^ napajijiejiennnefla cooTBeTCTByeT hgt- 
HOCTH no;i;cTaHOBOK /(l,...,m)j/ a rpann tt^"^, npoTHBonojiojKHbie rpa- 
HSM 7r™~ , HMeiOT TaKJKe H npoTHBonojio>KHyio opHeHTan,Hio. Hna^e roBopa, 
sgn vr;;^"^ = - sgn tcJI'^ = sgn /(I, . . . , m)j/. 



Tor;i;a, b CHJiy aHTHKOMMyTaTHBHOCTH noflCTanoBOK c ms^bsiTmeM, mbi no- 
jiyHHM oflHO saMenaTejibHoe cbohctbo 

3.1 npefljio»<;eHHe. 06mue zpanu cocednux zpaneu opueHuiupoeaHHOu no- 
eepxHocmu napaAAejienuneda UMetom e hux npomueonoAootcHym opuenma- 

ll,U}0. 

/J,eHCTBHTejibHO, B napajiJiejienHne^e tt opHeHTan,Hfl rpanH ir-f^ paB- 
Ha sgn /(I, . . . , m)jk/ a b napajiJiejienHne;i;e tt^"^ opHeHTaii;Ha stoh jkg rpann 
paBHa sgn /(I, . . . ,m)kj/ . AnajiornHHO, b napajiJiejienHne;],e tt™"^ opneHTa- 
ii;h5i rpaHH vr"^" paBHa sgn/(l, . . . ,'m)jA;/ a b napajiJiejienHne;i;e vr^^ ee 

opHeHTaii;H5i paBHa sgn /{I, ... ,m)kj/ . BiviecTe c tgm, b napajiJiejienHne;i;e 
vr™"^ opHeHTaii;H5i rpann tt™;^^ paBHa —sgn /{I, ... ,m)jk/ a b napajijiejie- 

nHue^e vr^~^ ee opHeHTan,Ha paBHa — sgn /(I, . . . , m)kj/ . 

AjireSpan^ecKaa KOHCTpyKn,Hfl opneHTHpoBHHoro HapajiJiejienHHe^a ^o- 
HycKaeT (J)opMajiH3an;Hio. ^eiicTBHTejibHO, ecjin flonycTHTb KpaTHOCTb opn- 
eHTHpoBaHHoro HapajiJiejieHHHe;i;a, peajinayeMyio nocpeflCTBOM paccjioenHa 
n;eHOHeK ero peSep, to ajireSpanHecKyio cyMMy nnceji HOJiojKHTejibHO 
H OTpHn,aTejibHO opneHTHpoBanHbix cjioeB mojkho aa^anaTb neKOTopbiM 

npOH3BOJIbHbIM n,ejIbIM HHCJIOM. TeM CaMbIM, Mbl MO>KeM rOBOpHTb o z- 

opneHTHpoBaHHOM HapajiJiejieHHHe^e ztt™", kotopmh sBjiaeTca sjieivieHTOM 
aSejieBOH rpynnbi 11^, h30mop4)hoh Z. 

B CBOK) OHepe;i;b, reoMeTpH^ecKaa KOHCTpyKn;Ha HapajiJiejieHHHe;i;a ne- 
pe3 B03M0>KH0CTb 4)opMHpoBaHHa TOMOJiorH^ecKOH ceTH napajiJiejienHne^OB 
flOHycKaeT pacmnpeHHe ^o HonaTHa KjieTOHHoii noBepxHOCTH. /JencTBHTejib- 
HO, napajiJiejienHne^ tt™ b npocTpancTBe M" MO>KeT 5biTb Hpo^ojiJKeH reo- 
MeTpHHecKH, nepes coScTBennbie (m — l)-MepHbie rpann TaK, hto hobmh 
m-MepHbiH napajijiejiennnefl naTarHBaeTca na npoH3BOJibHyio, ho yjKe cyHi;e- 
CTByiomyio rpaHb, h HeKOTopbiii hobmh BeKTop, ne jieafamHii b HO^npocTpan- 
CTBe 3T0H rpaHH. EcjiH flonycTHTb, HTO HapajiJiejieHHHe^bi roMeoMop4)HO 
OTo5pa>KaiOTca b KjieTKH, KOTopbie caMH ce5a ne nepeceKaiOT, Tor^a Konen- 
Hoe HJiH cneTHoe oSte^^HHeHHe KJieTOK-HapajiJiejieHHHe;i;oB tt'", nponsBOJib- 
Hbie napbi KOTopbix jih5o BOBce ne nepeceKaiOTca, jih5o nepeceKaiOTca cbo- 
HMH o5hi;hmh rpanaMH npoHSBOJibHoii pasMepnocTH, mojkho OTOxcflecTBHTb 

C m-MepHbIM KJieTOHHbIM KOMHJieKCOM. O^HOCBaSHOH m-MepHOH KJieTOHHOH 
HOBepXHOCTbK) f2"* Mbl Ha30BeM TaKOH m-MepHblH KJieTOHHblH KOMHJieKC, B 

KOTopoM KajKflaa napa KJieTOK-HapajiJiejiennHeflOB MOJKeT 5biTb coe;i;HHeHa 
B H;eHb, CBa3aHHyio o5ni;HMH {m — l)-MepHbiMH rpanaMH ee 3BeHbeB - co- 
ceflHHx KJieTOK-HapajiJiejieHHHe;i;oB. Ecjih Bce KJieTKH-napajiJiejienHneflbi o;i;- 
HOCBasHOH KjieTOHHoii HOBepxHOCTH nepeceKaiOTca tojibko cbohmh o5n],HMH 
rpanaMH npoH3BOJibHOH pa3MepH0CTH h KajK^aa o5n],aa rpann pa3MepH0CTH 
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(m — 1) aBJiaeTca nepeceneHHeM He Sojiee 2 KJieTOK-napajiJiejienHne;i;oB, to 
Mbi roBopHM o5 o;i;hocb5I3hoh KJieTOHHOH noBepxHOCTH 5e3 caMonepecene- 
HHH HjiH o KjieTOHHOM MHoroo5pa3HH. FpaHHiteH dil"^ KjieTOHHorH noBepx- 
HOCTH ^2"* Mbi HaaoBeM oS^be^HHeHHe Bcex (tti — l)-MepHbix rpaHeii kjigtok- 
napajiJiejienHne^OB nosepxHOCTH il™" aa Bbi^eTOM ee o5iu,hx rpanen. Ho- 
CKOJibKy Bce rpaHH rpaHeii napajiJiejienHne;i;a aBJiaiOTca o5in;HMH rpanaiviH, 
TO H Bce rpaHH (m-l)-MepHbix HapajiJiejieHHHe;i;oB rpaHHH;bi aBJiaiOTca o5hi;h- 
MH rpaHHMH, a cjie^OBaTejibHO rpaHHn,a ABjiHeTCfl o5T>eflHHeHHeM o^hocbhs- 
Hbix (m-l)-noBepxHOCTeH 5e3 rpaHHu,. 

TonojiorH^ecKH HHBapnaHTHbiM (roMeoMop4)HbiM) npeoSpaaoBaHHeM 
KJieTOHHoii HOBepxHOCTH c rpaHHH;eH mm naaoBeivi TaKoe HpHCoefleneHHe k ee 
rpaHHH;e hoboh KJieTKH-HapajiJiejieHHHe;i;a hjih H3T.aTHe yxce cyni;ecTByiOHi;eH 
KJieTKH-HapajiJiejieHHHe;i;a, KOTopoe ne napymaeT CBaanocTH npHMbiKaioineH 
K 3T0H KjieTKe rpaHHn,bi, T.e. ne HSMenfleT HHCJia o^HOCBflSHbix KycKOB ee 
rpaHHn,bi. 

MnojKecTBO Bcex m-iviepHbix KJieTOK-napajiJiejiennneflOB, cocTaBJiaioinHx 
noBepxHOCTb f2™, nopojK;i;aeT CBo5o;i;Hyio aSejieBy rpynny 11^(^2'"), oSpaao- 
BaHHyio c|)opMajibHbiMH cyMMaMH YIk ^i'^Ti rfl^ -Zj € Z, i^ C N. CyMMy, 
cocTaBjieHHyio h3 ±l-opHeHTHpoBaHHbix KjieTOK-napajiJiejienHne^OB noBepx- 
HOCTH Vf^ , rpaHH HepeceneHHa coce^nnx KjieTOK-HapajiJiejienHHe^OB KOTopoH 
HMeiOT B HHx HpoTHBOHOJio>KHyio opHeHTan,Hio, Mbi HasoBeM opneHTHpoBan- 
Hoii KJieTOHHoii HonepxHOCTbio. HoBepxHOCTb ^2"^, KOTopaa ;i;oHycKaeT opnen- 
THpoBaHHyio noBepxHOCTb, HasbiBaeTca opnenTHpyeMOH noBepxHOCTbio. 3a- 

MeTHM npH 3T0M, ^TO npH JIIOSOM rOMeOMOp(J)HOM npHCOe^HHeHHH HJIH H3T>- 

aTHH KjieTKH-HapajiJiejieHHHe^a rpanb coe^HHenHa npHMbiKaiomnx KjieTOK 
Bcer^a iiMeeT b hhx npoTiiBonojio>KHyio opHeHTaii,iiio. /^eiicTBiiTejibHO, ecjiH 
coBMecTHTb npHMbiKaioiniie KJieTKH coxpanaioinHM opiieHTai^nio c^^bhfom, to 
rpaHb npiiMbiKaHHa OToSpaaiiTca b flBe npoTiiBonojioxcHbie rpanii, HMeioinne 
npoTHBonojioJKHyio opHeHTaii,iiio. Cjie^OBaTejibHO opiieHTaii,Ha roMeoMop(J)- 
HO npHCoe^iinaeMOH (iisbiMaeMoii) KjieTKii corjiacoBana c opHeHTaii,iieH co- 
ce^Hiix KjieTOK, H nosTOMy mm nojiy^iiM 

3.2 npefljiOi^eHHe. OpueHmupyeMOcmb neAHemcH monoAosuuecKUM uh- 
eapuanmoM noeepxHocmu napaAAejienunedoe Vf^ 

KpoMe Toro, Bcaxaa KjieTO^naa noBepxnocTb Vf^ nopojKflaeT CBoSo^nyio 
aSejieBy rpynny 11^-1(^2™), oSpaaonannyio (J)opMajibnbiMH cyMMaMn rpa- 
Heii ee KJieTOK-napajiJiejienHne;i;oB. Fpynny nm-i(f2'") mm nasbiBaeM rpyn- 
noii rpaneii noBepxHOCTii. Fpynna rpaneii OflHoii KJieTKH-napajiJiejieniinefla 

^m-li.'^™') COCTOHT H3 4)0pMajIbHbIX CyMM 'Yli2m ^i'^T'^ ^ 0T05pa5KeHHe 

7 : TT -^ iim,-i(,vr ) : 
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vr- ^ 5^ sgn /(I, . . . , m)j/ ■ vr^-^ - J^ sgn /(I, • • • , m)]/ ■ tt^^^ 
HHflyii;HpyeT rpaHHHHbiii roMOMop(J)H3M cooTBeTCTByiomHX aSejieBbix rpynn 

K K 

/JeHCTBHTejibHO, B CHjiy npeflJio>KeHHa 13.11 hmcgt mgcto TO>KflecTBO 
77(7r'") = 0, npHMenaa KOTopoe noKOMnoneHTHO, nojiyHHM flpyroe Toacfle- 
CTBO S6{Q,^) = 0, onpeflejiaioinee rpaHHHHoe OToSpajKeHne h nenHoii kom- 
njieKC {n^_i(fi'"),(5}. 

riojIOJKHM 

Z,„_i(fi"^) := Kei{6 : n™_i(fi'") ^ H^^slfi'")} C n™_i(fi'") 

H HaaoBeM Z„i-i{^^) rpynnoii n,HKjiOB. Hojiojkhm TaK>Ke 

5„_i(fi'") := lm{6 : n„(fi"^) ^ n„_i(fi™)} C H^-ilfi'") 

H HaaoBeM 5^-1 (^™) rpynnofi rpanHu,. Tax KaK 66 = 0, to i?m_i(f2"') C 
Zm-iiyt^)- OaKToprpynny 

HaaoBeM (m — l)-MepHOH rpynnoii roMOJiornn. Tor^a, nocKOJiBKy roMeo- 
MopcjDHoe npHCoe^iHHeHHe hjih HSTsaTHe KJieTKH-napajiJiejiennnefla ^oSaBJiaeT 
B rpynny rpaneH hjih y;i;aji5ieT h3 nee sjieMenTapHbiH n;HKJi, KOTopbiH aBJia- 
GTca rpanHn,eH, to mm nivieeM 

3.3 Ilpe^jiojKeHHe. Fpynna {m — l)-MepHux zomoaozuu HeAHemcH mono- 
jiozuuecKUM UHeapuaHmoM KAemoHHOu noeepxHocmu fi™ 

TaKHM oSpaaoM, npHMeneHHe nonaTHa opneHTHpoBaHHoro napajijiejienn- 
ne^a nosBOJiaex c^ejiaTb ecTecTBenHbiii nepexo^i; k nocTpoenHio CTaH^apTHOH 
Teopnn roMOJiornn. O^naKO y>Ke b cjie^yionteM paa^ejie mm noKa>KeM, hto 
KOHn,enn,Ha npnMenenna napajiJiejiennne^OB c ycnexoM mojkgt pa6oTaTb n b 
necTan^apTnoH Tonojiorn^ecKon Teopnn. 

06paTHMca Tenepb k BonpocaM nsMepeHna, CBaaanHbiM c noBepxHOCTa- 
MH. HocKOJibKy BHeniHee nponsBefleHne bgktopob, na Koxopbie naTarnBaeT- 
ca napajijiejiennnefl, 3a;i;aeT OTo6pa>KeHHe vf™ : tt"* -^ A™(L), HHflyn;Hpy- 
ion],ee SKBnnajienTnocTb sjieMenTon npocTpancTna {vr™}, to npocTpnncTBO 
A'"(L) n A"^(L*) MO>Kno nnTepnpeTnponaTb KaK npocTpancTBO SKBnnajienT- 
Hbix npnSopoB n BOSflencTBHii na hhx cooTBexcTBeHHO. HnaHe roBopa, mm 
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nojiaraeM, hto CBepTKa {x,y), r^e x G A'"(L), y G A™(L*), ecTb peayjib- 
TaT H3MepeHHa BOSfleiicTBHa y na npnSop x. B cooTBeTCTBHH c TaKoii koh- 
n,enn,HeH, bcskoh noBepxHOCTH f2™ h nojiio flH4)4)epeHn,HajibHbix m-4)opM 
a{x) MOJKHO conocTaBHTb cyMMy CBepTOK X]x('^(-^i')'^r)? KOTopyio cjie^y- 
GT noHHMaTb KaK peayjibTaT Boa^eHCTBHH na noBepxHOCTb, cocTaBjieHHyio 
H3 K npHSopoB-napajiJiejiennneflOB. B tom cjiynae, Kor;i;a noBepxHOCTb f2™ 
cocTaBJiena h3 npeflejibHO Majibix napajiJiejienHne;i;oB Att™, mm HaaoBeivi ee 
HHTerpajibHOH noBepxHOCTbio a cyMMy CBepTOK oSoana^HM chmbojiom hhtg- 
rpajia J^^{a{x),A7r"^). SaivieTHM npH stom, hto ^jih KaHOHHHecKOH noBepx- 
HOCTH, Bce napajiJiejienHne^bi KOTopoH nocTpoenbi na BCKTopax, KOJinneap- 
Hbix 5a3HCHbiM, npHHJiTO o5o3HaHeHHe J^^ a{x)dx'^ . HocKOJiKy oSiuHe rpaHH 
aBJiaiOTca o;i;HOBpeMeHHO HanajibKbiMH h KOHeHHbiMH nopojK;i;aioiii;HMH rpa- 
HaMH B coceflHHx napajiJiejienHne;i;ax, to npHMennB pasjiojKeHHe 

{da{x), Att™) = 5^(a(x + Ax^), Att^-^) - Y.{a{x), Att^'^) 

m m 

KO BceM npe^ejibHO MajibiM napajiJiejienHne^aivi HHTerpajibHoii noBepxHOCTH, 
Mbi nojiy^HM 4)opMyjiy CTOKca 

-m—l\ 



{da{x),Afr"')= {a{x),ATT"'-'). 

EcjiH OToSpajKeHHe tt'" HH;i;yii;HpoBaHO BeKTopHbiM npoHSBefleHHeivi, to 
c opneHTHpoBaHHoii noBepxHOCTbio f2™ mojkho CBaaaTb BeKTopHbifi oSt-gm 
Vol(r2'") := ^^j^Tt]^- HaKonen;, co BcaKoii HHTerpajibHoii noBepxHOCTbio, 



HO CBaaaxb jiHHeHHbiH oStjCm J^^ a/IAtt™ ■ ATT*"!, KOTopbiii B HaSjiioflaeMOM 
npocTpancTBe accoii;HpyeTca c ;i;jihhoh, njiomaflbio h coSctbghho oStjCmom. 

4 OpneHTHpyeMbie MHorooSpasna 

npejK;i;e Bcero j^aj^TiM pa^i; onpe;i;ejieHHH. HycTb HeopneHTHpoBaHHbiH rpa(J) 
5e3 neTGJib TaK BJiojKen b npocTpancTBO R""''^, hto b KajK;i;oH h3 BepniHH 
coSpaH nyneK h3 n KpHBOJiHHeHHbix peSep, npn stom Bce peSpa paaSnTbi 
Ha n KjiaccoB a b KajK^OH BepHinne BCTpenaeTca no oflHOMy npe^CTaBHTejiio 
KajK^oro Kjiacca, npnneM Bce KacaTejibHbie BCKTopa k pe5paM b KajK^on Bep- 
niHHe jiHHeiiHO neaaBHCHMbi. HaaoBCM TaKofi rpacj) (BiviecTe c ero yKJia;i;KOH 
B R"+^) KapKacoM h HaTaneivi na nero noBepxnocTb c rpaHHi^eii, T.e. o5pa- 
3yeM KJieTOHHyio n-noBepxnocTb c KapKacoM b KanecTBe o;i;HOMepHoro octo- 
Ba n-Mepnoro KjieTonnoro KOMnjieKca. Onpe^ejiHM >Ke mm nam n-MepHbiH 

KJieTOHHMH KOMBJieKC HO HHflyKn,HH: l-MCpHMH KJieTOHHMH KOMnjIGKC Sa^aH 
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CBOHM KapKacoM, 2-MepHbiH KJieTOHHbiH KOMnjieKC saflaeTca roMeoMop4)Hbi- 
MH napajijiejiorpaiviy 2-MepHbiMH KJieTKaiviH c rpaHHii;aMH, cocToamniviH h3 
BceB03M0>KHbix peSep ^Byx pasHbix KjiaccoB, n-MepHbiii KOMnjieKC sa^aeTca 
roMeoMop4)HOH n-MepnoMy napajiJiejiennne^y kjictkoh c rpaHHn,eH, cocto- 
ameii h3 (n — l)-MepHoro KOMnjieKca. HaTflnyTyio na Kapxac noBepxnocTb 
5y;i;eM TaKxce naabiBaTb noBepxHOCTbio KapKaca. Torfla HivieeT mgcto 

4.1 JleMMa. IJoeepxHocmb Kapnaca soMeoMopc^na n-MepnoMy cuMnjieKcy. 

/loKaaameAhcmeo. C o^hoh CTopoHbi, nocKOJibKy rpa(J) y nac CBHSHbiH, to 
cooTBeTCTByioinHH eiviy KapKac mojkho roMeoMop(J)HO CTanyTb b TOHKy. C 
flpyroii CTopoHbi, jiioSaa BepniHHa noBepxHOCTH KapKaca oflHOBpeivieHHO aB- 
jiaeTca BepniHHOH npe^ejiBHO Majioro sjieivieHTa stoh noBepxHOCTH; T.e., ro- 
MeoMop4)Horo tohrg n-Mepnoro CHMnjieKca. Cjie^OBaTejiBHO, CTarHBaa Kap- 
Kac K HCKOTOpOH BepinHHC, MOJKHO COBMCCTHTb CrO C 3THM npe^CJIbHO MajIbIM 
CHMnJICKCOM. n 

Bjiojkhm Tcnepb b npocTpancTBO R"^^ CBasKy OKpy>KHOCTeH, n,ejiHKOM 
jieacainyK) b n hc napajiJiejibHbix flpyr flpyry njiocKOCTax, npH^eivi Bce ysjibi 
CBasKH jiexcaT na o;i;hoh npaiviOH a KajK;i;aa OKpyjKHOCTb CBasKH nepeccKaeTca 
B ^Byx CBOHx npoTHBonojioJKHbix TOHKax, KOTopbie aBjiaK)Tca ysjiaMH nyn- 
KOB H3 n OKpy>KHOCTeH, jiejKamHx B n njiocKOCTax. HaaoBCM TaKyro CBasKy 
OKpyjKHOCTefl c-KapKacoM h Bbi^ejiHM B HCM onpe^ejieHHoe ccMencTBO o5bi^- 
Hbix KapKacoB c BepniHHaMH b ysjiax c-KapKaca h c peSpaivin, cocToamniviH h3 
nojiyoKpyjKHOCTeH c-KapKaca. ^Jia SToro mm KajK;i;biH KJiacc OKpyxcHOCTeii 
c-KapKaca, npHHa;i;jie>Kaiii;Hx oflHoii hjiockocth, pa3;i;ejiHM nocpeflCTBOM npa- 
Moii, npoxo^amcH ^epea ero ysjibi, na ^Ba Kjiacca nojiyoKpy>KHOCTeH. Tor^a, 
BbiSHpaa H3 nojiyoKpyjKHOCTeH c-KapKaca peSpa b cootbctctbhh c onpe^e- 
jieHHbiM BbiSopoM KJiaccoB nojiyoKpyjKHOCTeii, mm nojiyHHM ceMeiicTBO h3 2" 
pa3JiHHHbix KapKacoB, KOTopbie 5y;i;eM Ha3biBaTb s-KapKacaMH. B cbok) ohc- 
pe;i;b, cyMMapnyK) noBcpxHOCTb Bcex s-KapKacoB mm Ha30BeM noBepxHOCTbro 
c-KapKaca. Tor^a hmcct mccto 

4.2 JleMMa. UoeepxHocmb c-Kapnaca HeAHemcH n-MepnuM KAemouHUM 
saMKHymuM opuenmupyeMUM MHOsoo6pa3ueM. 

/loKaaameAhcmeo. yTBepac^eHHe o tom, ^to noBepxnocTb c-KapKaca ecTb 
3aMKHyToe MHoroo5pa3He cjie^ycT h3 Toro, hto BcaKaa ^acTb rpaHHn,bi no- 
BcpxHOCTH npoH3BOJibHoro s-KapKaca aBJiacTca oflHOBpeMCHHO nacTbro rpa- 
HHii;bi noBcpxHOCTH ;i;pyroro s-KapKaca. ^eiicTBHTejibHO, jiflu noBepxHOCTCH 
flByx s-KapKacoB, OTJinnaroinHxca tojibko o;i;hhm KJiaccoM nojiyoKpyjKHO- 
CTcii, nacTb rpaHHn,bi, nojiy^CHHaa HCKjiro^enneM SToro Kjiacca nojiyoKpy>K- 
HOCTCH, aBjiacTca hx oSmen rpaHHn,eH. Tcm caMbiM, noBcpxHOCTb c-KapKaca 
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CKJieena h3 noBepxHOCTeii s-KapKacoB (roMeoMop(|)Hbix niapy) no hx rpann- 
ii;aM, HO caivia He HivieeT rpaHHn;bi. OpneHTHpyeMOCTb namero MHorooGpaana 
cjie^yeT h3 Toro, hto o5iu,aH ^acTb rpaHHn,bi noBepxHOCTeii flbyx s-KapxacoB 
HMeeT B HHx npoTHBonojioJKHyio opHeHTan,Hio, KOTopaa sa^aeTca npoTHBono- 
jioJKHbiM KjiaccoM nojiyoKpyjKHOCTeH, OTjiHHaiomHM noBepxHOCTH flByx rpa- 
HHHainHx flpyr c flpyroM s-KapKacoB. D 

PaccMOTpHM Tenepb Bonpoc o KJiaccH(|)HKan,HH c-KapKacoB. Ecjih mm o5- 
paTHMca K HameMy onpe^ejienHio c-KapKacoB, to yBH;],HM, ^to KjiaccHc^DH- 
Kaii;H5i c-KapKacoB SKBHBajieHTHa KJiaccH(|)HKaii;HH HeopHenTHpoBanHbix rpa- 
c|)0B 6e3 neTGJib, y KOTopbix Bce peSpa paaSTHbi na n KJiaccoB a KajK;i;oH Bep- 
niHHe HHii;eHfleHTHbi n CMejKHbix peSep, npHHa;i;jie>Kaiii;Hx pasjiHHHbiM KJiac- 
caM. /JencTBHTejibHO, ^ocTaTO^no ycTanoBHTb cooTBeTCTBne Me>Kfly pe6paMH 
OflHoro Kjiacca h OKpy>KHOCTaMH, jie>KamHMH b o^hoh bjiockocth, a TaK>Ke 
MejK^y BepniHHaMH rpa(|)a h ysjiaiviH c-KapKaca. ^ajiee mm c(J)opMHpyeM sjie- 
MeHTapHMH c-KapKac, cooTBeTCTByiomHii npocTeflmeMy rpa4)y. ^Jia SToro, 
npoH3BOJibHbiM oSpaaoM pasjioacHM n b cyMMy ni + - ■ ■+«„ = n, r;i;e 1 < m < 
n, H nocTpoHM 2™-BepmHHHbiH rpacj), hsomopcJdhmh TTi-napajiJiejienHne^y 
c pe5paMH KpaTHOCTH Hi, T. e. TaKoii rpacj), BepniHHbi KOToporo coBna^a- 
lOT c BepniHHaMH m-napajiJiejiennnefla a BCflKne Ui ero Kpainbix pe5ep 
cooTBCTCTByiOT KajKflOMy peSpy napajijiejiennnefla h3 cooTBeTCTByioni;ero 
KJiacca ero napajiJiejibHbix peSep. Tor;i;a, nocKOJibKy y m-napajiJiejienHne;i;a 
m2"^~^ peSep, to c ynexoM hx KpaTnocTH mm nojiynnM n2™~^ pe6ep rpa- 
(J)a HjiH n2^~^ OKpy>KnocTeH cooTBeTCTByiontero c-KapKaca. 3jieMenTapnbiH 
c-KapKac, cooTBeTCTByion],HH pa3Jio>KenHio ni, . . . , rim mm oSoanannM chmbo- 
jiOM 5*"^ X ■ ■ ■ X S*"" n saMeTHM, mto h3 flByx nponsBOJibnbix sjieMeHTapnbix 
c-KapKacoB MOJKno cocTaBHTb HOBbiii c-KapKac 5'"^ x ■ ■ ■ x S*"" +5*"^ x ■ ■ ■ x 5""' , 
KOTopoMy cooTBeTCTByeT rpacj), nojiynennbin h3 flnyx npocTenninx rpa(|)OB 
nyTeM paapbina pe5ep b oflnoii nponsBOJibnon nepninne KajK^oro h3 nnx 
H nocjie^yiomero coBMentenna cooTBeTCTByion],Hx peSep flnyx sthx rpa(|)OB. 
OflnaKO, ecjiH / = 1, to mm nojiynnM ncKjnoHenne, TaK KaK b stom cjiynae 
S"-^ X • ■ ■ X S'"'" +3"-' = 5""^ X ■ ■ ■ X S"""" . TaKHM oSpaaoM, mm nojiynnjin nojinyio 
KJiaccn(|)nKan;Hio c-KapKacoB, KOTopaa nojinocTbio onpe;i;ejiaeTca CBo5o;i;noH 
aSejienoH rpynnoii c sjieMenTapnbiMn c-KapKacaMn (xpoMe 5""^) b KanecTBe 
o6pa3yion],Hx n KapxacoM S"' b KanecTBe nyjienoro sjieMenTa. 

CeiiMac mm npncTynnM k flOKaaaTejibCTBy o6paTHoro 14.21 yTBepacjenna. 

4.3 TeopeMa. Bcmkoc n-Mepnoe saMKnymoe opuenmupyeMoe MHOzoo6pa- 
3ue, e/iootceHHoe e M"+^, soMeoMopcjJHO noeepxHocmu neKomoposo c-Kapnaca 

/(oKasameAhcmeo. B ^nyMepnoM cjiynae sto ^encTBHTejibno Tax, nocKOJib- 
Ky KjiaccH(|)HKau,Ha c-KapKacoB coBna^aeT c KjiaccH4)HKan,HeH ^nyMepnbix 
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opHGHTHpyeMbix saMKHyTbix MHoroo5pa3HH. B oSineM cjiynae, BBH;i;y OTcyT- 
CTBHa nojiHoii KJiaccH4)HKaii;HH MHorooSpasHii, naivi cjie^yeT ycTanoBHTb, hto 
jiK)6oe saMKHyToe opHeHTHpyeMoe MHorooSpaane, BjioaceHHoe b M"^^, o5jia- 
^aeT KapKacoM, roMeoMopcJDHbiM neKOTopoMy c-KapKacy. HycTb ^ano mho- 
roo5pa3He M'^ h ero KjieTOHHoe noKpbiTHe, o5pa3yioiu,ee KjieTOHHyio noBepx- 
HOCTb. BosbMeM npoH3BOJibHyio TOHKy X MHoroo5pa3Ha M"-, KOTopaa cob- 
na;i;aeT c BepniHHOH npoH3BOJibHOH kjictkh noKpbiTHa, h 3aMeTHM, hto ona 
sBjiaeTca o5iu,eH BepniHHOH ^jih 2'^ KjieTOK-napajiJiejienHne^OB, jie>Kaiu,Hx b 
ee OKpecTHOCTH, a jiioSoe peSpo, HHn,eHfleHTHoe stoh BepniHHe, aBjiaeTca 
oSmHM peSpoM fljifl 2**"^ KjieTOK-napajiJiejienHne^OB. 3aTeM, Hcnojib3ya 2" 
ii;BeTOB KpacKH, pacKpacHM noKpbiTne MHoroo5pa3Ha M" TaK, htoSm KpacKH 
He nepeMeniHBajiHCb a nepBbie Ma3KH KpacKH noKpbiJin 5bi KajK;i;yio KJieTKy 
OKpecTHOCTH TOHKH X CBOHM i^BCTOM. HHaHG TOBopa, TpeSycTca, Hcnojib3ya 
2" KjieTOK B KanecTBe na^ajiBBbix ^jia 2" KjieTO^Hbix noBepxHOCTeii, roMeo- 

MOp(J)HbIM npHCOe^HHeHHeM HOBblX KJieTOK pa35HTb Bce nOKpblTHe MHOrO- 

o6pa3Ha M" na 2"^ KJieTOHHbix noBepxHOCTeii. PacKpacHB TaKHM o5pa30M 
noKpbiTHe MHoroo5pa3Ha M", mm nojiy^HM neKHH KapKac. ^eficTBHTejibHO, 
TOHKH MHoroo5pa3Ha, B KOTopbix nepecGKaiOTca noBepxHOCTH Bcex i^bctob, 
Sy^yT cjiy>KHTb BepniHHaMH, a jihhhh MHoroo5pa3Ha, b KOTopbix nepeceKa- 
lOTca 2"~^ noBepxHOCTeii pa3JiHHHoro n,BeTa, Sy^yT cjiyjKHTb peSpaMH na- 
mero KapKaca. Ho nocKOJibKy Hcxo^noe MHoroo5pa3He Smjio opneHTHpye- 
MbiM, TO nojiyHeHHbiH KapKac ;i;onycKaeT corjiacoBanHyio opHeHTaii;Hio peSep 
B KajKfloii BepniHHe. CjieflOBaTejibHO BcaKyio napy hpothbohojio^khmx pe- 
5ep SToro Kapxaca, Bbixo^amne h3 o^hoh BepniHHbi, mojkho conocTaBHTb 
OKpyjKHOCTH HeKOToporo c-KapKaca. TeM caMbiM, npoSjieivia hojihoh KjiaccH- 
(J)HKan,HH 3aMKHyTbix opneHTHpyeMbix n-MHoroo5pa3HH, Bjio>KeHHbix b R"^^, 
Haxo;i;HT pemeHHe, cooTBeTCTByioni;ee KJiaccH4)HKan;HH c-KapKacoB. D 

B 3aKjiio^eHHe 3aMeTHM, hto MHoroo5pa3He, HMeiomee c-KapKac Tnna S*", 
roMeoMop4)HO c(J)epe 5*", a MHoroo5pa3He, HMeiomee c-KapKac, npe^CTaBjien- 
HbiH cyMMOH flByx sjieMeHTapHbix c-KapKacoB, o5pa3yeTca h3 sjieMeHTapHbix 

MH0r005pa3HH C HOMOKtblO Bbipe3aHHa B KajK;i;OM H3 HHX HO KJieTKe H CKJie- 

HBanna hx ho rpaHHH;e kjictkh. C yneTOM sthx 3aMeHaHHH cnpaBefljiHBO 
yTBepjK^eHHe. 

4.1 IIpefljioaceHHe. QyHdaMeHmaji'bHaH spynna saMKHymoso opuemnupye- 
Moso MH020o6pa3UH mpueuajihua , ecAU eo ecex eso o6pa3yK>w^ux aAeMenmap- 
Hux KapKacax muna S"'^ x ■ ■ ■ x S'"™ ne ecmpeHaemcH hu odnou KOMnoHenmu 
S\ 

/J^OKasameAhcmeo. /JencTBHTejibHO, npn ^annbix ycjiOBHax HCxo^Hoe mho- 
roo5pa3He mo>kho CKjieHTb h3 sjieMeHTapHbix MHoroo5pa3HH, KajK^oe h3 ko- 

15 



Topbix MOJKHO pasjiojKHTb B npoH3BefleHHe no;i;MHoroo6pa3HH, roMeoMop(J)- 
Hbix HeKOTopbiM c(J)epaM S^, r^e KajKfloe k > 1. Ho nocKOJibKy 4)yHflaMeHH- 
TajibHaa rpynna npoHSBe^enHH TaKHx c(|)ep TpHBHajiBna a Ka>Kflaa rpaHHn,a 
CKjieHKH roMeoMop(|)Ha c(|)epe 5""^, KOTopaa b cjiy^ae n > 2 HMeeT tphbh- 
ajiBHyio 4)yH;],aMeHTajibHyio rpynny, to yTBepjKflenHe ^OKaaano. D 

Ha nocjie;i;Hero npe;i;jiojKeHHa h h3 Toro, hto KJiaccH(J)HKaii;H5i aaiviKHy- 
Tbix opneHTHpyeMbix MHorooSpasHfi b pasMepnocTH TpH cboahtch k Kjiac- 

CH(|)HKan,HH COOTBGTCTByiOmHX KapKaCOB, KOTOpbie MOryT 5bITb COCTaBJieHbl 

H3 KapKacoB THna S^ x S^ x S^ ti S^ x S'^, r^e oSaaaTejibHO BCTpenaeTca 
KOMnoHGHTa S^, jihSo 3T0 GCTb KapKac THna S^, cjie;i;yeT, hto aaMKHyTbie 
opHGHTHpyeMbie 3-MHoroo5pa3Ha, HMeiomne TpHBHajibnyio 4)yHflaMeHTajib- 
Hyio rpynny, roMeoMop4)nbi 3-MepnoH c(J)epe. TaKHM o6pa30M, KjiaccnnecKaa 
rnnoTeaa Hyanxape, C(|)opMyjiHpoBannaa b Kjiacce Bjio>Kennbix MnorooSpa- 
3HH, aBJiaeTca npocTbiM cjie;i;cTBHeM KJiaccH(J)HKan;HH aaiviKHyTbix opnenTH- 
pyeMbix MHoroo6pa3HH nocpe^CTBOM KJiaccH4)HKan;HH nx KapKacoB. 

A MHHHMajibHbie hotokh h noBepxHOCTH 

BeKTopnbie nojia n MnnnMajibHbie noBepxnocTH, aaflannbie b gbrjihaobom 
npocTpancTBe, ocnoBaTejibno onncanbi b yneSnon jiHTepaType, HanpHMep,[l] 
[5], ^Sj H ^, ceiiHac jkg mm floSaBHM k nsBecTHOMy Jinnib to hobog, mto bbitg- 
KaeT H3 namen ajire6pbi napajiJiejiennne^OB, jinSo nocMOTpnM na nsBecTnbie 
(|)aKTbi necKOJibKO c ;],pyroH CToponbi. 

HycTb B M" 3a;i;aH0 nponsBOJibHoe rjia^Koe KOBeKTopnoe nojie, t. e. no- 
jie flH(|)(|)epeHn;HajibHOH l-(|)opMbi a{x) = ^^aj{x)dxK Tor;i;a mm hmg- 
eM TaKJKe ^yajibnyio k a{x) flH(J)(J)epeHn;HajibHyio (n-l)-(J)opMy -ka{x) = 
sgnJJ2n'^ji^)^^'^^ ^f^^ J '■~ l^i^l- /lH(i)(i)epenn,Hajibnbie 4)opMbi a{x) n 
-kaix) MO>Kno npe^CTaBHTb CTan,HonapnbiM noTOKOM neKoii n^eajibnoii jkh^- 
KOCTH, H3MepaeMbiM 1-MepnbiMH H (n-l)-MepnbiMH npnGopaMn (nojinneKTO- 
paMn) B pe3yjibTaTe nx CBopaHnBanna c a{x) n -kai^x^ cooTBeTCTBenno. Ec- 
jiH B KanecTBe npnGopoB ;i;jia H3MepeHHa noTOKa Hcnojib3yiOTca l-Mepnbie 
HjiH (n-l)-Mepnbie nnTerpajibnbie noBepxnocTH, to b pe3yjibTaTe H3MepenHa 
MM nojiynHM nnTerpajibnbie cyMMbi J^j^ {a{x) , dx) n J^„_^{-ka{x),dx'^~^) co- 
OTBeTCTBenno, r^e dx := Avf^ n dx""^^ := Att"^^. HpnMenenne npe^ejibno 
Majibix noBepxHOCTen 5e3 rpannn; ;i;aeT naM B03M0JKH0CTb ycTanoBHTb Jio- 
KajibHbie xapaKTepncTHKH CTaitnonapnoro noTOKa. ^eiicTBHTejibHO, OTcyT- 
CTBne JiOKajibnoro Bpain;enna noTOKa f{a{x),dx^) = oSecneneno ^ncj)- 
(J)epenn,najibnbiM ycjionneM da{x) = 0, a OTcyTCTBne ctokob n ncTOKOB 
f {ka{x) , dx"'~^) = o6ecneneno ycjionneM dica{x) = 0. 
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KpHTepHH saMKHyTOCTH noTOKa Mbi flonojiHHM KpHTepnaMH ero ycTofi- 
HHBOCTH. TaK, jiaMHHapHoe TeneHHe CTaii;HOHapHoro noTOKa yflOBJieTBopa- 
GT flH4)4)epeHn,HajibHOMy ycjiOBHio tojiohomhocth a{x) A da{x) = 0. 3a- 
MGTHM npH 3T0M, ^TO BCflKaa TOHHaa l-(J)opMa a{x) = d(p(x) tojiohom- 
Ha a ee ceMeHCTBO HHTerpajiBHbix noBepxHOCTeii aa^ano noBepxHOCTSMH 
ypoBHa 4)yHKii;HH (p{x). B cbok) OHepe;i;b, BcaKoe rojiOHOMHoe KOBeKTopnoe 
nojie a{x) KOJinneapHO neKOTopoMy noTeHii;HajibHOMy KOBeKTopnoMy nojiio 
dip{x), I.e. a{x) = k{x)dip{x), rji^e k{x) — npoHSBOJibnafl rjia^Kaa (J)yHK- 
n,Ha. /lencTBHTejibHO, da{x) = d[k{x)d(p{x)] = dk{x) A dip{x), h nosTOMy 
a{x) A da{x) = k{x)dip{x) A dk{x) A dip{x) = 0, oSpaTHO, ecjin ypabne- 
HHe a{x) = Bnojine HHTerpnpyeMO, to ero HHTerpajibHbiM noBepxHOCTaivi 
Bcer^a mojkho nocTaBHTb b cooTBCTCTBHe noBepxHOCTH ypoBHa HeKOTopoii 
(J)yHKii;HH. 

PaBHOBecHoe TenenHe JiaMHHapnoro CTan,HOHapHoro noTOKa y^OBjieTBO- 
paeT cooTBGTCTByiomeMy flH4)4)epeHn,HajibHOMy ycjiOBHio. Tax, ^jia noTen- 
ii;HajibHoro nojia a{x) = dip{x) sto 5y;i;eT ypaBneHne Aip{x) = 0. ^ghctbh- 
TejibHO, BejiHHHHa Aip{x) = d -k d(p{x) xapaKTepnayeT pasHOCTb flaBJieHHii 
noTOKa Ha npe;i;ejibHO Majibie sjieivieHTbi noBepxHOCTefi ypoBHa, nojiynenHbie 
rpaflHeHTHbiM nepenocoM b npe^ejiBHO MajiOM sjieivieHTe oS^beivia, a hmghho, 



{di<d(p{x),dx'^) = / {i<d(p{x),dx"' )- / {^d(p{x),dx'^ ), 

r^e y^TGHO OTcyTCTBHe ^aBjienHa na SoKOByio noBepxnocTb npe^ejiBHO Ma- 
jioro sjieMGHTa oSteivia AV , oSpaaoBaHHoro saivieTaHHeM npe^ejibHO Majiofi 
njioinaflKH A$i noBepxHOCTH ypoBna ^{x) = c na njioinaflKy A$2 no- 
BepxHOCTH ypoBHa v^(x) = c + h npn ee nepenoce rpa;i;HeHTHbiM BeKTop- 
HbiM nojieM. Cjie^OBaTejibHO rapMOHH^HOCTb 4)yHKn,HH ypoBna CB^eTejib- 

CTByeT 05 OTCyTCTBHH paSHOCTH ^aBJieHHH, T. e. O paBHOBeCHH (ycToii^H- 

bocth) cooTBeTCTByioinero CTaii;HOHapHoro noTOKa. B cbok) OHepe;i;b, ecjiH 
a{x) = k{x)dip{x), TO b KanecTBe KpnTepna ycTOHHHBOCTH noTOKa cjie^yeT 
paccMaTpHBaTb ypaBHenne d -k k{x)d(p{x) = 0. SaivieTHM npn stom, hto no- 
CKOJibKy d-kda{x) = d-kdk{x) Aicdip{x) ±-kdk{x) Ad-kdip{x) , to pabencTBO nyjiio 
SToro BbipaaceHHa paBHoana^HO rapMOHH^HOCTH 4)yHKn,HH (p{x) h k{x). 

HoKajKeM Tenepb, hto rapMOHH^ecKHe (J)yHKn,HH, nopojK^aiomHe noTen- 
ii;HajibHbie KOBeKTopHbie nojia a{x) = dip{x), oSecnennBaiOT jiOKajibHbin skc- 
TpeiviyM KpHBOJiHHeHHoro HHTerpajia J{a{x),dx), onpeflejieHHoro na npona- 
BOJibHoii KpHBOH c (J)HKCHpoBaHHbiMH rpaHHn,aMH, H B 3T0M CMbicjie onpe^e- 
jiaiOT MHHHMajibHbie CTan,HOHapHbie botokh. /JencTBHTejibHO, 

p px+Ax 

Loc.var / {a{x), dx) = 6 {O'ix), dx) = 5{a{x + Ax) — a{x), Ax) = 0, 
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H nosTOMy HHTerpajibHaa BapHaii;HOHHaa 3a;i;aHa CBOflHTca k BapHaii;HOH- 
HOH saflaMe na mhhhmym npnpaineHHa CBepTKH. BiviecTe c tgm, nocKOJibKy 
a(x+Ax) = a'{x) + J2n{^^ji^)y Ax)dx\ to npHpamenHe cegptkh paBHO Ksa;],- 
paTHHHOH (|)opMe, T. e. {a{x + Ax) — a{x), Ax) = {HAx, Ax), r^e onepaiop 

H B MaTpHHHOM npe^CTaBjieHHH aa^aeTCfl MaTpHn,eH Fecce ( gj^a^. ) • TaKHM 

o5pa30M, BapHan,HOHHoe ypaBHenne 6{HAx, Ax) = cbo;],ht namy 3a;],a^y 
K noHCKy MHHHMajibHoro caMOConpa>KeHHoro onepaTopa. B stoh cbh3h na- 
noMHHM [9j, HTO BCflKHH caMOConpa>KeHHbiH onepaTop C c to^hoctbio flo ot- 
pajKeHHH MOJKeT 5biTb pasjiojKeH na onepaTop A c nyjieBbiM cjie^OM h nojio- 
jKHTejibHO onpe^ejieHHbiH onepaTop B, t. e. C = ±{A + B). ^eficTBHTejibHO, 
flocTaTOHHO npHBecTH MaTpHity onepaTopa C k flnaroHajibHOMy BH^y h paa- 
jiojKHTb ee ^HaronajibHbie sjieivieHTbi. B to >Ke BpeMa, ^jih KBa^paTHHHbix 
(J)opM BbinojinaeTca HepaBencTBO {Ax,x) < {{A + B)x,x), cjie^OBaTejibHO 
caMOConpajKeHHbiii onepaTop c nyjieBbiM cjieflOM Sy^eT MHHHMajibHbiM one- 
paTopoM H pemeHHe ti H = Aip{x) = 0, onpe;i;eji5ieT MHHHiviajibHoe kobck- 
TopHoe nojie KaK rpaflnenT rapMOHHHecKoii (J)yHKii;HH. SaivieTHM xaKJKe, hto 
TaKoe JKe pemenHe hmgct BapHan,HOHHaa aa^a^a na SKCTpeiviyM HHTerpajia 
J {-kalx) , dx"'~^) no nponaBOJibHoii (n-l)-noBepxHOCTH c (|)HKCHpoBaHHbiMH 
rpaHHii;aMH npn jiOKajibHoii BapHaii;HH tohhoh l-(J)opMbi. /^encTBHTejibHO, 
BapHaitHOHHoe ypaBHenne 



Loc.var / {•ka{x),dx'^ ) = 5{'ka{x + Ax) — •ka{x),'kAx) = 

He MeHflGT nocTanoBKH BapHan,HOHHOH sa^anH, Tax KaK CBepTKa BCKTopa c 
KOBGRTopoM paBHa CBepTKG HX flyajiH3aii;HH. 

riycTb Tenepb b gbrjih^obom npocTpancTBe nojiojKHTejibHOH CHrnaTypbi, 
rfle Mbi He ;i;ejiaeM otjihhhji BeKTopoB ot KOBeKxopoB, ^ano nojie tohhoh 1- 
(J)opMbi d(p{x). PaccMOTpHM npoH3BOflHoe OT Hero e^HHHHHoe rojiOHOMHoe 
HOJie n{x) = k{x)dip{x), r^e k{x) = l/\dip{x)\, h BbmHCJiHM luiom^aflb S 
HOBepxHOCTH ^"'~^ , KOTopaa aBJiaeTca orpaHH^eHHOH nacTbio noBepxHOCTH 
ypoBHa 4)yHKn;HH ip{x). rioKaaceM, hto 



5(<l>"-^)= / {M{x),dx'' 

^eficTBHTejibHO, e^HHH^HbiH BeKTop n(x) opToronajien k hjiockocth, Kaca- 
TejibHOH K noBepxHOCTH ypoBHa (J)yHKii;HH (p{x) B TOHKe X a e;i;HHHHHbiH no- 
jiHBeKTop -kn{x) KOJiJiHHeapeH npe;i;ejibHO MajiOMy nojiHBeKTopy A7f"~^(a;), 
H nosTOMy njioma^b nocjie^nero paBHa hx CKajiapnoMy npoHSBeflenHio 

{•kn{x) , A7i^~^ (x)) , OTKy;],a cjiep,yeT, hto 



5($ 
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SaMGTHM TaKJKe, HTO 

{d ^ n(x), rfx") = 5(A<I>2) - S{/\^i] 



AV 

r^e njioma^Ka A$2 oSpaaoBana opToronajibHbiM nepenocoM njioma^KH A$i 
Ha npe;i;ejibHO Majioe paccToaHne c noBepxHOCTH ypoBHa $i na noBepxHOCTb 
ypoBHa $2, a cjieflOBaTejibHO 

Av^o AV ^ ' 

BiviecTe c tgm, jierKO noKaaaTb, hto jiOKajibHoe pemeHne BapHaii;HOHHoro 
ypaBHeHHa 

Loc-ar/ (*n(x). </."-) = 

npHBo;i;HT K flH(J)(J)epeHii;HajibHOMy ypaBHeHHio MHHHMajibHOCTH d-kn{x) = 0. 
TeM caMbiM, jioKajibHO MHHHMajibHbie napaMeTpH30BaHHbie noBepxHOCTH es- 
KjiH^OBa npocTpancTBa c HyjieBoii cpe^Hen kphbhshoh h noBepxHOCTH ypoB- 

Ha 4)yHKIi;HH, yflOBJieTBOpaiOmHX ypaBHeHHio MHHHMajIbHOCTH, SKBHBajieHT- 

Hbi. EnponeM, STa SKBHBajieHTHOCTb cjie;i;yeT TaKxce h3 Toro xopomo h3- 
BecTHoro 4)aKTa, hto cpe;i;Haa KpHBHsna hobcpxhocth ypoBHa, saflanHOH b 
n-MepnoM esKjiH^OBOM npocTpancTBe, BbiHHCJiaeTca no (J)opMyjie H(x) = 
— (-)(iTkr (|^^^^). HiaK, b peayjibTaTe mm HMeeM ^yajibHOCTb TaKHx nonaTHH 

KaK MHHHMajIbHbie HOBepXHOCTH H MHHHMajIbHblG HOTOKH. 
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